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Examples for implicit (generative) models

Implicit distributions:

+ easy to sample:
z~q(z|x) & e ~7(€),z = f(e, x)

+ super flexible




Examples for implicit (generative) models

e Bayesian inference goal: compute E,;|x) [F(2)]
e Approximate inference: find g(z|x) in some family Q such that g(z|x) = p(z|x)

e At inference time: Monte Carlo integration:

X

By F)] = Y F(24), 24 ~ a(zlx)



Examples for implicit (generative) models

e Bayesian inference goal: compute E,;|x) [F(2)]
e Approximate inference: find g(z|x) in some family Q such that g(z|x) = p(z|x)

e At inference time: Monte Carlo integration:

X

By F)] = Y F(24), 24 ~ a(zlx)

Tractability requirement: fast sampling from g
(no need for point-wise density evaluation)
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Loss approximation vs gradient approximation

To train the implicit generative model pg(x):
E.g. the generative adversarial network (GAN) method (Goodfellow et al. 2014):

min JS[pp|p] = min max By log D(x)] + E,, log(1 — D(x))]

true loss #« true minimum

- = = approx. loss % approx. loss minima




Loss approximation vs gradient approximation

Often we use gradient-based optimisation methods to train machine learning models.

. which only require evaluating the gradient, rather than the loss function!

— true loss %« true minimum —> true gradient % true minimum

= = = approx. loss % approx. loss minima —3> approx. gradient




Gradient approximation for VI

Variational inference with g distribution parameterised by ¢:

" = argquin KL[ge(z|x)||p(z|x)] = arg(;naxﬁw(%)

Lvi(qe) = log p(x) — KL[qe(z]x)||p(z]x)]

= log p(x) — Eq {log q;(zzlxx))]
p(x,z) }

=E, [Iog a0 (2Ix)
= Eq [log p(x, 2)] + H[ge(z|x)]

Lvi(ge) is also called the variational lower-bound



Gradient approximation for VI

Variational lower-bound: assume z ~ qg < € ~ 7(€), z = fy(€, x)

Lvi(gg) = Eq [log p(x, )] + Hlge (2|x)]
=E, [log p(x, fy(€, x))] + H[gep(z|x)] // reparam. trick



Gradient approximation for VI

Variational lower-bound: assume z ~ qg < € ~ 7(€), z = fy(€, x)

Lvi(gg) = Eq [log p(x, )] + Hlge (2|x)]
=E, [log p(x, fy(€, x))] + H[gep(z|x)] // reparam. trick

If you use gradient descent for optimisation, then you only need gradients!



Gradient approximation for VI

Variational lower-bound: assume z ~ qg < € ~ 7(€), z = fy(€, x)

Lvi(gg) = Eq [log p(x, )] + Hlge (2|x)]
=E, [log p(x, fy(€, x))] + H[gep(z|x)] // reparam. trick

If you use gradient descent for optimisation, then you only need gradients!
The gradient of the variational lower-bound:

VoLlvi(dg) = Ex [Vrlog p(x, fs(e, X)) TV fs(€, x)] + VgHlge(z|x)]



Gradient approximation for VI

Variational lower-bound: assume z ~ qg < € ~ 7(€), z = fy(€, x)

Lvi(gg) = Eq [log p(x, )] + Hlge (2|x)]
=E, [log p(x, fy(€, x))] + H[gep(z|x)] // reparam. trick

If you use gradient descent for optimisation, then you only need gradients!
The gradient of the variational lower-bound:

VeLvi(de) = Ex [Vrlog p(x, fs(€, x)) Vo fs(e, x)] + VoH]gy(2|x)]
The gradient of the entropy term:
VHlag(2z|x)] = —Ex [Vr log q(fs(e, x)|x) Vo fy (e, x)]] — E x)]

this term is 0
It remains to approximate V, log g(z|x)!



Stein gradient estimator

Goal: approximate V, log g(x) for a given distribution g(x)



Stein gradient estimator

Goal: approximate V, log g(x) for a given distribution g(x)

Stein’s identity:
Define h(x): a (column vector) test function satisfying the boundary condition

lim g(x)h(x) =0.

X— 00

Then we can derive Stein's identity using integration by parts:

Eq[h(x)Vxlog q(x)" 4+ Vxh(x)] =0



Stein gradient estimator

Goal: approximate V, log g(x) for a given distribution g(x)

Stein’s identity:
Define h(x): a (column vector) test function satisfying the boundary condition
Jim_q(x)h(x) = 0.

Then we can derive Stein's identity using integration by parts:

Eq[h(x)Vx log q(x)T + Vh(x)] = 0

Invert Stein’s identity to obtain Vy log g(x)!



Stein gradient estimator (kernel based)

Goal: approximate Vy log g(x) for a given distribution g(x)
Main idea: invert Stein's identity:

Eq[h(x)Vx log g(x)" + V<h(x)] = 0

1. Monte Carlo (MC) approximation to Stein's identity:

1

R kah(xk)a xk ~ q(xk)a

M =

K
! Z —h(x*)V 4w log g(x¥)T + err =

x
Il
—
x
Il
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Stein gradient estimator (kernel based)

Goal: approximate V log g(x) for a given distribution g(x)
Main idea: invert Stein's identity:

Eq[h(x)Vxlog q(x)" + Vxh(x)] =0

1. Monte Carlo (MC) approximation to Stein's identity:

K
1
e Z —h(x*)V 4w log g(x*)T + err = Z Voech(x¥),  x* ~ q(x"),
k=1

2. Rewrite the MC equations in matrix forms: denotmg

K
H= (h(x),--- ,h(xX)), Vih= %vakh(xk)
p

G = (vx1 Iog q(X1)7 e 7vxK |0g q(xK))T’

Then —%HG +err = Vh.



Stein gradient estimator (kernel based)

Goal: approximate V log g(x) for a given distribution g(x)
Main idea: invert Stein's identity:

Eq[h(x)Vxlog q(x)" 4+ Vxh(x)] =0

Matrix form (MC): —%HG + err = Vh.

3. Now solve a ridge regression problem:

~ H . — L l ~ C
Gyein = argmin[|[Vxh + RHGH% + %HGWP
GeRKXd



Stein gradient estimator (kernel based)

Goal: approximate V log g(x) for a given distribution g(x)
Main idea: invert Stein's identity:

Eq[h(x)Vxlog q(x)" + Vxh(x)] = 0

Matrix form (MC): —£HG + err = Vh.
3. Now solve a ridge regression problem:
asten R LT
GYen .= argmin [|[Vxh + ?HGH% + WHGH,Q:7
GGRKXd
Analytic solution: G = —(K +nl)~1(V, K),
with
K:=H"H, K;=K(x',x/):=h(x")Th(x/),
(V,K) := KHTV,h, (V,K); =S¢, Vg K(x', x¥).



Stein gradient estimator (kernel based)

Kernelized Stein Discrepancy:
82(q7 é\]) = IEx,x’qu [é(X)TK:xx’é'(x/) + g(X)TVx’K:xx’ + VXK;I(—x’g(X/) + Tr(vx,x’lcxx’)] )

g(x) = Vilogq(x), &(x)=Vxlogg(x), K =K(x,x').
One can show that the V-statistic of KSD is

S P
Si(q,4) = WTr(GTKG +2GT(V,K)) + C

This means

~ in . ~ n ~
Gy = argmin Sy (q, q)—s—ﬁHGH%
GERKxd



Comparisons to existing approaches

parametric non-parametric

denoising kernelise
auto-encoder = Stein

direct
(our approach)
score -
. specia
matching P improved
case
sample
efficiency
NN-based
indirect density KDE plug-in

estimator

KDE plug-in estimator: Singh (1977)
Score matching estimator: Hyvéarinen (2005), Sasaki et al. (2014), Strathmann et al. (2015)
Denoising auto-encoder: Vincent et al. (2008), Alain and Bengio (2014)



Comparisons to existing approaches

Compare to denoising auto-encoder (DAE):

Corrupted input M

prior: examples concentrate
near a lower dimensional
“manifold”

Corrupted input
Pt

! \
\ original ¥
\Ingu‘r/

Vincent et al. (2008), Alain and Bengio (2014)
with Wenbo Gong and José Miguel Hernandez-Lobato

DAE: for x ~ g(x), denoise
X=x+o0€etox

(by min. 45 loss, € ~ N (0,1))
When o — 0,

DAE™(R) ~ x + 0>V log q(x)
unstable estimate: depends on o

functional gradient in RKHS:
|[VDAE loss||3, < KSD
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Example: entropy regularised GANs

e Addressing mode collapse: train your generator using entropy regularisation:

min Lgen(Pgen) — H[Pgen]

® Lgen(Pgen) is the generator loss of your favourite GAN method

e Again the gradient of H[pgen| is approximated by the gradient estimators

12
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Significant improvement on sample diversity with the Stein approach
BEGAN: Berthelot et al. (2017)




Meta learning for posterior samplers

Many existing posterior samplers in the literature...

e Which sampler should | use?

e How do | tune the hyper-parameters?
Learn a sampler from data!

e Want a general solution for similar tasks

e Train on low-dim, generalise to high-dim

Salimans et al. (2015), Song et al. (2017), Levy et al. (2018)

CONFUSED BY TOO MANY CHOICES

13



Learning to learn

Meta-learning for SG-MCMC

e Define a sampler with parameters ¢:
Zii1 :zt—nf¢(zt,H(-),e), ENN(O’I)

e Run it on some training distributions 7(z) o< exp[—H(z)],
provide learning signals to train ¢

e Once learned, apply this sampler to test distributions

Andrychowicz et al. (2016), Li and Malik (2017), Wichrowska et al. (2017), Li and Turner (2018)

14



The complete framework: Ma et al. NIPS 2015

e |to diffusion
dz = p(z)dt + \/2D(z)dW/(t)

To make sure 7(z) o< exp[—H(z)] is a stationary distribution:

d
u(z) = ~[D(2) + Q2)IV.H(z) + T(z =3 52-(04(2)+ Q)]

D(z): diffusion matrix, PSD

e Q(z): curl matrix, skew-symmetric

['(z): correction vector

Ma et al. (2015) completeness result: under some mild conditions
“Any 1td diffusion that has the unique stationary m(z) is governed by (1)+(2)"

15



The complete framework:

Ma et al. NIPS 2015

"Any better "l know how to pick "Is it a valid
solutions?" the best one!" sampler?"
~
o vw O
— N
Langevin Ma et. al. any SDE
1 1 1
flexibility

e Searching the best sampler within the complete framework:

e Guaranteed to be correct

e Retains the most flexibility

e Only needs to learn how to parameterise D(z) and Q(z) matrices!

15



Our recipe: dynamics design

e Goal: train an SG-MCMC sampler to sample from p(8|D) x exp[—U(8)]

e We augment the state space with momentum variable p:

1
z=(0,p), w(z)xexp[-H(z)], H(z)=U(0)+ 5pr
e Recall the complete recipe

dz = —[D(z) + Q(2)]V.H(z)dt + [(z)dt + V2dW/(t)

16



Our recipe: dynamics design

e Qur recipe:

Lot G e[ o ] 0[]

Qr(z) = diag[f s, (2)], Dr(2) = diaglaf s, (2) © fso(2) +F4p(2) + ¢, a,c>0

Q(2)

e Resulting update rules (rearrange terms & discretise & stochastic gradient):

momentum SGD  correction
—_—— ——
0:11=0:+ nQr(z:)pr +nlo(z:)

Per1 = Pt — 1D¢(20)pe =1 Q1 (2:) Ve, U(8:) + 1l p(2¢) + /X (zc)e, € ~ N(0,1)
——

friction

3(z:) = 2nD¢(z:) — 1*Q¢(2:)B(0:)Qr(2:), B(6:) = V[vora(ot)]

16



Our recipe: dynamics design

Designing f;,(z) (responsible for the drift):
the i*" element is defined as
f;f)QJ(Z) = B + f¢Q(U(0), Pl)

e We want f;,(z) to depend on the energy landscape:
e Fast traversal through low-density regions

e Better exploration in high-density regions

e But we don't want [g(z) to be too expensive!
(using VoU(O) as input here leads to an extra term (V,VoU(0)) in ['g(z))

16



Our recipe: dynamics design

Designing fy,(z) (responsible for friction):
the i*" element is defined as

f50.i(2) = £45,(U(0), pi, 05,0(8))

e [,(z) only requires computing V,D¢(z)
e ...s0 we can use the gradient information Vo U(0)

e prevent overshoot by “comparing” p and Vo U(0)

16



Our recipe: loss function design

Leross-chain

A
[ \
L Lipe Ly Ly Ly Ly

l......'0..0.00..0.‘....‘....‘ {0r1)ess

Parallel ]
Chains 0.0 00 000 0000000000000 000000000 Lin-chain

| ¢ 3T
ooooloocooooooooooolloooloco.l {Bialemns

Time

Use KL divergence KL[q(0)||p(6|D)] to define loss.
Define q(0) implicitly: run parallel chains for several steps, then

e Cross-chain loss: at time t, collect samples across chains
e In-chain loss: for each chain, collect samples by thinning

Gradient of KL approximated by Stein gradient estimator!

17



A toy example

SG-MCMC simulations with injected gradient noise
r ™ T T 6 T ™ ™ T

o 1 2 3 4 5 0 1 2 3 4 5

meta-learned sampler SGHMC

e trained on factorised Gaussians, tested on correlated Gaussians
e manually injected Gaussian noise to the gradients
(and assume we don't know noise variance B(0))

18



Bayesian NN on MNIST

Goal: sample from BNN posterior

Training: meta sampler trained to sample from the posterior of a BNN
(1-hidden layer, 20 hidden units, ReLU)

Three generalisation tests:

e to bigger network architecture: 2-hidden layer MLP (40 units, ReLU)
e to different activation function: 1-hidden layer MLP (20 units, Sigmoid)
e to different dataset: train on MNIST 0-4, test on MNIST 5-9

Also consider long-time horizon generalisation

19



Bayesian NN on MNIST: speed improvements

Neg. LL
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Bayesian NN on MNIST: long-time generalisation
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Bayesian NN on MNIST: understanding the learned sampler

fy, Contour

fy, Contour with Gradient -0.12

fs, Contour with Energy 0.4

2.80
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E] 180 £ o
g o 2 300 % 135
5 155 5 -
= = 53
2 105
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-1
1.05 15.0 75
-2 0.80 7.5 as
. 0.55 - 0.0 15
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Energy Energy Momentum

Qr(2) = diag[fy,(2)],  Dr(2) = diaglaf s, (2) © Foo(2) +f4,(2) + €]

e fy, (left): nearly linear wrt. energy (fast traversal, better exploration)
o fy, (middle): decrease friction around high energy regions

o fy, (right): increase friction when gradient & momentum “disagree” (prevent overshoot)
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Stein gradient estimator: summary

e We derived a non-parametric gradient estimator

e We used the gradient estimator for
entropy-regularised GANs

e We explored meta-learning for approximate inference

scalability

current
methods

accuracy
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Thank you!

Y. Li and R.E. Turner. Gradient Estimators for Implicit Models. ICLR 2018
W. Gong*, Y. Li* and J.M. Herndndez-Lobato. Meta learning for stochastic gradient MCMC. ICLR 2019.
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